GEOMETRY OF CURVES IN PARABOLIC 
HOMOGENEOUS SPACES 



BORIS DOUBROV AND IGOR ZELENKO 

Abstract. The current paper is devoted to the study of integral 
curves of constant type in parabohc homogeneous spaces. We con- 
struct a canonical moving frame bundle for such curves and give the 
criterium when it turns out to be a Cartan connection. Generaliza- 
tions to parametrized curves, to higher-dimensional submanifolds 
and to general parabolic geometries are discussed. 



1. Introduction 

This paper is devoted to the local geometry of curves in parabolic 
homogeneous spaces. We provide the uniform approach to this prob- 
lem based on algebraic properties of so-called distinguished curves and 
their symmetry algebras. In particular, we develop the methods that 
allow to deal with any curves without any additional non-degeneracy 
assumptions. 

Unlike the classical moving frame methods and techniques [01 [HI [151 
[TSl [IHl [20], we avoid branchings as much as possible treating all curves 
at once. In fact, the only branching used in our paper is done at a very 
first step based on the type of the tangent line to a curve, or, in other 
words on its 1-st jet. 

For each curve type there is a class of most symmetric curves, also 
known as distinguished curves in parabolic geometry [7]. There are sim- 
ple algorithms to compute the symmetry algebra of these curves [TO] . 
We try to approximate any curve by the distinguished curves of the 
same type and construct the smallest possible moving frame bundle for 
all curves of a given type. It has the same dimension as the symmetry 
algebra of the distinguished curve, and its normalization conditions as 
well as the number of fundamental invariants (or curvatures) is defined 
by the simple algebraic properties of this symmetry algebra. 

We are mainly interested in curves that are integral curves of the vec- 
tor distribution defined naturally on any parabolic homogeneous space. 
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All distinguished curves of this kind admit the so-called projective pa- 
rameter [TT]. This means that there is a natural 3-dimensional family 
of parameters on each such curve related by projective transformations. 
One of the questions we answer in this paper is when such projective 
parameter exists by any (non-homogeneous) curve of a given type. For 
example, it is well-known [8] that each projective curve can be natu- 
rally equipped with a family projective parameters, even if this curve is 
no longer homogeneous and, unlike rational normal curves (the distin- 
guished curves in case of the projective space), is not invariant under 
the global action of SL{2, M). 

It appears that the existence of such projective parameter in case of 
arbitrary parabolic geometry and any curve depends on some specific 
algebraic properties of the symmetry algebra of the distinguished curve 
approximating a given curve. In particular, such parameter always 
exists when this symmetry algebra is reductive. 

However, this is not always the case, and we give one of the small- 
est examples (curves in the flag variety F2^4(R^)) when there are no 
invariant normalization conditions for the moving frame, and there is 
no uniform way of constructing the projective parameter on all integral 
curves of generic type in F2^4(R^). 

Let us introduce the notation we shall use across the paper. Let M = 
G/P be an arbitrary parabolic homogeneous space, where q = ^jg^S* 
is a graded semisimple Lie algebra of the Lie group G and p = ^j>o S 
is a parabolic subalgebra of g. It is well-known that there is a so-called 
grading element e G 0o such that Qi = {u E Q \ [e, u] = iu} for all z G Z. 
Denote by Go the stabilizer of e with respect of the adjoint action of G 
on 0. Then Gq is a reductive, but not necessarily connected subgroup 
of G with the Lie algebra 0o- 

Each parabolic homogeneous space is naturally equipped with a 
bracket-generating vector distribution D, which can be described as 
follows. Let o = eP be the "origin" in M. We can naturally identify 
ToM with a quotient space g/p. Then the vector distribution D C TM 
is defined as a G-invariant distribution equal to 0_i mod p at o. 

We are interested in local differential invariants of unparametrized 
integral curves of D. The first natural invariant of such curve 7 is a 
type of its tangent line. Namely, let PD be the projectivization of the 
distribution D. The action of G is naturally lifted to PD and is, in 
general, no longer transitive. The orbits of this action are in one-to-one 
correspondence with the orbits of the action of P (or, in fact, of Gq) on 
the projective space P(0_i). Each integral curve 7 is naturally lifted 
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to the curve in PD. We say that 7 is of constant type, if its hft to PD 
lies in a single orbit of the action of G on PD. 

As proved by Vinberg [22], the action of the group Gq on P{q_i) has 
a finite number of orbits. So, the above definition of a curve of constant 
type automatically holds for an open subset of 7 and essentially means 
that we exclude singular points, where the tangent lines to 7 degenerate 
to the boundary of the orbit of tangent lines at generic points. 

The goal of this article is to provide a universal method for con- 
structing moving frames for integral curves of constant type on M = 
P/G. This study is motivated by a number of examples of curves 
of isotropic and coisotropic flag spaces, which appear in the control 
theory and its applications to the geometry of non-integrable vector 
distributions [T2|IT3]. 

Note that our setup covers many classical works on the projective 
geometry of curves and ruled surfaces. Particular cases of curves in 
parabolic geometries considered earlier in the literature also include 
the geometry of curves in Lagrangian Grassmannains [H [21 El ESI [21] , 
generic curves in |l|-graded parabolic geometries [H1[S], curves in Grass- 
mann varieties Gr(r, kr) that correspond to systems of r linear ODEs 
of order k [21] ■ 

The paper is organized as follows. In Section [21 we formulate the 
main result of the paper and prove it in Section [31 Section [His devoted 
to various examples including the detailed description of all curve types 
for parabolic G2 geometries. Finally, in Section [5] we discuss the gener- 
alizations of our main result to the cases of parametrized curves, curves 
in curved parabolic geometries and the case of higher dimensional in- 
tegral submanifolds. 

Acknowledgements. The first author would like to thank the In- 
ternational Centre for Theoretical Physics in Trieste and the Math- 
ematical Sciences Institute at the Australian National University for 
their hospitality and financial support during the work on this paper. 
We also would like to thank Mike Eastwood, Tohru Morimoto, Maciej 
Dunajski, Dennis The for many stimulating discussions on the topic. 

2. Formulation of the main result 

Let us fix an element x G g of degree —1. We say that an integral 
curve 7 is of type x, if the lift of 7 to PD lies in the orbit of the line Mx 
under the action of G on PD. Here we treat the one- dimensional space 
M.X as a point in PDq. In other words, 7 is of type x if for each point 
p G 7 there exists an element g E G such that g.o = p and C Tpj. 
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Define a curve 70 C G/P as a closure of tlie trajectory of the one- 
parameter subgroup exp(tx) C G tlirougli tlie origin o = eP. It is 
known [11] tliat we can complete x to the basis {x, h, y} of the sub- 
algebra s[(2,M) C Q, such that degh = and degy = 1. Then 70 
is exactly the orbit of the corresponding subgroup in G and, thus, is 
a rational curve or its finite covering. As we shall see, it is the most 
symmetric curve of type x. We call 70 a flat curve of type x. 

Let S be the symmetry group of 70, and let s C g be the correspond- 
ing subalgebra. It is known (see [TU]) that s is a graded subalgebra 
of Q, which can be also defined as follows: 

Si = for i < —2; 

(2.1) s_i = (x); 

Si = {adx)~^{3i-i) = {u E Qi \ [x,u] E Sj_i} for all i >0. 

Denote by S^'^^ the intersection of S and P and by s^^^ the corresponding 
subalgebra of q. It is clear that we have s^^^ = J2i>o^i- 
Let us define two sequences of subgroups in P: 

• P^''^ is a subgroup of P with the subalgebra p'-'^^ = X]j>fc0j- It 
is equal to P for A; = and to Y[i>k ^wi&i) for A; > 1. It is easy 
to see that P'-'^^ is trivial for sufficiently large k. 

• H^''^ is a subgroup of P with the subalgebra f)*^'^^ = Yli=oSi + 
J2i>k5i- Denote by 5*0 the intersection of 5* and Gq. Then we 
have: 

k 

H^^) = 5'o JJ exp(Si) JJ exp(0i), for any > 0. 

i=l i>k 

Lemma [1] below shows that H^'''^ is indeed a subgroup of G and 
f)^ Ms a subalgebra of g for any A; > 0. The subgroup 
becomes equal to 5"*^°^ = 5" n P for sufficiently large k. Note 
that H^''^ contains p(^+^) for any A; > 0. 

The sequence of subgroups H^''^ has a very natural geometric mean- 
ing: 

Lemma 1. The subgroup H^''^ is exactly the stabilizer of the {k + l)-th 
jet of the flat curve 70 of type x at the origin o = eP E G/P. 

Proof. First, assume A; = 0. The 1-jet of the curve 70 at the origin 
is determined by its tangent line. Under the natural identification of 
To (G/P) with q/p this line is identified with the subspace (x) -|-p. The 
stabilizer of the 1-jet coincides with the stabilizer of this subspace under 
the isotropic action of P on g/p. As degx = —1, it is clear that this 
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Stabilizer contains P'^'^l As P = GqP^^^ and P^^^ is a normal subgroup 
in P, it remains to show that the intersection of the stabilizer with Gq 
coincides with Sq = S H Gq. 

It is clear that 5*0 lies in the stabilizer of the 1-jet of 70 at the origin. 
Let now g & Gq and Adg{x) C {x) + p. It implies that Adg{x) = ax 
for some non-zero constant a, and, hence, g G So- 

The case A; > 1 can be treated in the similar manner. We only need 
to note that the (k + l)-th jet of 70 is completely determined by the 
tangent line to the lift of 70 to the space of /c-jets. □ 

Let tt: G — )■ G/P be the canonical principle P-bundle over the par- 
abolic space G/P and let cu: TG — )■ be the left-invariant Maurer- 
Cartan form on G. By a moving frame bundle E along 7 we mean any 
subbundle (not necessarily principle) of the P-bundle 7r~^(7) — >■ 7. 

Let us recall the basic notions of filtered and graded vector spaces 
as they will be used across the paper. Let V = Yliiei. ^» ^ (finite- 
dimensional) graded vector space. Then V has a natural decreasing 
filtration {V^^'^}, where V^^'^ = T.i>k^i- ^ U is any linear subspace in 
y, then we define U^^'^ = C/ n V^^'^ and denote by gr ?7 = Ui the 
corresponding graded subspace ofV. Here C/j = jg naturally 

identified with a subspace of VJ. 

The role of "normalization conditions" for the canonical moving 
frame is played by a graded subspace 1^ C p complementary to 5^°^ -|- 
[x,p]. In other words, let W — ^i>QWi, where Wi is a subspace in Qi 
complementary to Sj -|- 

Definition 1. We say that a subspace f/ C g is W -normal (with respect 
to 5 ), if the following two conditions are satisfied: 

(1) grt/=5; 

(2) U contains an element x — Ylii>-i^i-i where x^i — x and Xi e 
Wi^WHQi for all i > 0. 

Note that the element x (and, hence, all Xj, i > 0) is defined uniquely 
for any 1^-normal subspace U <Z Q. Indeed, suppose there is another 
element x' = X]j>--i with this property. Then the element x ~ x' = 
l^i>o('^j — x'j) also lies in U. As grU = 5, we get xq — x'q G Sq. On 
the other hand, both xq and x'q lie in Wq, which is complementary to 
5o + and, in particular, has zero intersection with Sq. Hence, 

Xq = Xq. Proceeding by induction by i, we prove in the similar manner 
that Xi = x'i for all i > 0. 

The main results of this paper can be formulated as follows. 

Theorem 1. Fix any graded subspace W C p complementary to 5^^^ + 
[x,p]. Then for any curve 7 of type x there is a unique frame bundle 
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E <Z G along 7 such that the subspace ujiTpE) is W -normal for each 
point p & E . 

If, moreover, W is S^^^ -invariant, then E is a principal S^*^^ -bundle, 
and u\e decomposes as a sum of the W -valued 1-form uw and the 
s-valued 1-form cug. The form lo^ is a fiat Cartan connection on 7 mod- 
elled by S/S^^\ and cow is a vertical S^^^ -equivariant 1-form defining 
the fundamental set of differential invariants of j. 

The construction of thus moving frame bundle will be done in the 
next section. 

Remark 1. The homogeneous space S/S^^"* is exactly the model for the 
fiat (or distinguished) curve of type x. As the it is (locally) isomorphic 
to MP^, the Cartan connection cj^ defines the projective parameter on 
7 in the canonical way. 

Remark 2. Here by the fundamental set of invariants we mean that all 
the (relative or absolute) differential invariants of 7 can be obtained 
from the 1-form Uw and all its covariant derivatives defined by the 
connection Ug. In particular, the curve 7 is locally flat if and only if 
(jjw vanishes identically. 

Note that the S'*^°)-invariant complement C p always exists, if the 
Lie algebras is reductive, or, what is equivalent, if the restriction of the 
Killing form of g to 5 is non-degenerate. Indeed, let S"*" be its orthogonal 
complement with respect to the Killing form of g. As Killing form K 
of g is compatible with the grading (i.e., K{Qi, Qj) = for all i + j 7^ 0), 
the subspace 5-*- is also graded: S"*- = ^jg^Si", where = 5-*- fl g^. 

Define the subspace 1^ C p as: 

(2.2) W^{ues^np\[u,y] = 0}, 

where y is an element of degree in the 5(2-subalgebra containing x. 

Lemma 2. The space W is a s^^'' -invariant complement to s*^°^ -|- [x, g+] 
in p. 

Proof. First, note that S"*" is 5-invariant and complementary to s. In 
particular, it is also stable with respect to the action of the sl2-subalgebra 
containing x. From the representation theory of SI2, it immediately 
follows that the space W defined above is spaced by highest weight 
vectors (of non-negative degree) in the decomposition of 5-*- into the 
direct sum of irreducible s [2- modules. This immediately implies that 
W is complementary to [a;, 5-*-] in S"*" fl p. 

As the restriction of the Killing form K to s is non-degenerate and 
s_i = M.X, we see that s+i — My and, in particular, M.y is an ideal in 
5^°) —So+Si. This proves that W is s^°)-invariant. □ 
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Remark 3. The invariant complement W may exist even if the Lie 
algebra s is not reductive. See Subsection 14.41 for such example. 

3. Canonical frame bundle 

3.1. General reduction procedure. Let 7 be an arbitrary unpara- 
metrized curve in G/P of type 70 and let vr : E' — > 7 be a moving frame 
bundle along the curve 7. For each point p E E the image u{TpE) is 
a subspace in the Lie algebra g. We say that E is an if-bundle, where 
if is a subgroup of P, if E is preserved by the right action of H on G. 
Note that we do not assume that E is a principle if-bundles, i.e. the 
fibers oi tt: E ^ H are unions of orbits of H, but each fiber may in 
general be of larger dimension than H. 

/^From definition of the Maurer-Cartan form we see that u{TpE) 
contains f) for all p E E, where {) is a subalgebra of g corresponding 
to the subgroup H. Thus, we can define a structure function of the 
moving frame if-bundle E as follows: 

c: E^Gr,(g/fi), p ^ uj{TpE)/[) C g/i), 

where r = dimii^ — dim if and Grr(g/f)) is a Grassmann variety of all 
r-dimensional subspaces in g/{). 

As the Maurer-Cartan form u satisfies the condition R*uj = Ad o 
u for any g E P, we see that the structure function c is if-equivariant: 

c{ph) = h~^.c{p), p e E,h e H, 

where the action of H on Grr(g/f)) is induced from the adjoint action 
of H on g. 

One of the main ideas of the reduction procedure is to impose certain 
normalization conditions on the structure function c and reduce E to 
a subbundle consisting of all points of E, such that c{p) satisfies these 
imposed conditions. In general, E' might not be a smooth submanifold 
of E, as c{E) may not be transversal to the orbits of H on Grr(g/f)). 
However, in the following we shall always choose the normalization 
conditions in such a way that E' is a regular submanifold in E and, 
thus, is also a frame bundle along 7. 

3.2. Zero order reduction. Let vr: G — t- G/P be the canonical pro- 
jection. Define the moving frame bundle Eq as a set of all elements 
g & G satisfying the properties g.o G 7 and g*{x) G T^.o7- Let ttq be 
the restriction of vr to Eq. It is clear that ttq : i?o — ^ 7 is a principle 
if'^°^-bundle, as if*^°^ is exactly the subgroup of P preserving the 1-jet 
of 7o at the origin. 
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Let US describe the structure function of the frame bundle Eq. By 
construction u!{TpEo) C (x) + p for all p e Eq. As r — dimE'o — 
dim if '^"^ = 1, the structure function cq of the moving frame bundle Eq 
takes values in the projectivization of the vector space (Rx + p)/f)'^°'' = 
{M.X + 0o)/-So- In particular, for each p E Eq we can uniquely define 
an element Xo{p) ^ So/^o such that x + Xo{p) ^ c{p) = uj{TpEo). The 
structure function c of Eq is completely determined by this function 
Xo - Eo^ Qo/sq. 

3.3. Further reductions and the canonical moving frame. ^From 
now on we assume that we fixed a graded subspace W (Z p complemen- 
tary to s(°) + [x, p]. Set Wi = Wr]Qi for any i > 0. 

Let us introduce a slight generalization of the above notion of W- 
normality. 

Definition 2. We say that a subspace U G Q is W -normal up to order 
k, if it satisfies the following conditions: 

(1) U D pW; 

(2) grC/=s + pW; 

(3) U contains an element x — Yli=-i^ij where X-i — x and Xi e 
Wi ^ W n Qi for all i ^ 0, ... ,k - 1. 

Since g has a finite grading, p(^) = for sufficiently large N and the 
condition of VT-normality up to order N is equivalent to the notion of 
VF-normality from the previous section. 

We construct a canonical moving frame bundle for a given curve 7 
via the sequence of reductions E^ of the frame bundle Eq, where each 
Ek is a moving frame P^'^+^^-bundle along 7. 

For A; = we can take as Eq the zero-order frame bundle constructed 
above. Indeed, as Eq is a principal if -'-bundle and H^^^ contains P^^\ 
it is invariant with respect to the right action of P^^^ on G. 

Assume by induction that for some > 1 we have constructed a 
moving frame P*^*^^-bundle E^-i, such that if Ck-i is its structure func- 
tion, then Ck-i{p) is 1^-normal up to order k — 1 for any point p G E^^i. 
Then we define Ej^ as the following reduction of Ek_i: 

(3.1) Ek — {p & Ek^i I Cfc_i(p) is H^- normal up to order k}. 

Lemma 3. (1) The frame bundle E^ is well-defined and is stable 

with respect to the right action of the group p('^+^). 
(2) The structure function Ck{p) = u(TpEk), p G Ek, satisfies the 
conditions: Ck{p) D p'^'^^^^ and grcfc(p) = 5 -|- p('^+^) for any 
peEk. 
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(3) //, in addition, W is S^'^^ -invariant, then is stable with re- 
spect to the right action of the subgroup H^'^^ . 

Proof. Consider the structure function Ck-i of the frame bundle -Efc-i- 
By induction, the subspace Ck-i{p) is ly-normal up to order k — 1. 
Thus, Cfc„i(p) contains an element: 

k-l 

(3.2) X{p) = x + ^Xi{p), 

where Xi{p) ^ ci-re uniquely defined for i = 0, . . . , k — 2, and Xk-i{p) 
is a certain element of Qk-i uniquely defined modulo Sk-i- Note that 
the condition fl3.ip is equivalent to: 

(3.3) Xk-i{p) e Wk-i + 5k-i. 
Further, we see that: 

Xipg) = X{p) modSfc-i for any 5( G P^''^^^ 
X{pexp{u)) = x{p) - A mod Sk-i for any u E Qk- 

The latter equation follows from the equivariance of Maurer-Cartan 
form: 

Ck-i{pexp{u)) = Ad(exp(-M))cfc_i(p), for any p G Ek-i,u G Qk, 
and the equality: 

f \ v^ad*(-M) 
Adexp(-n) = 2^ , 

where this sum is actually finite for any element u E Qk, k > 0. 

As PC^) = exp(0fc)P^^"^^\ it follows that the condition can al- 
ways be achieved by an appropriate choice of the element u E Qk- 
Moreover, as Wk-i is complementary to Sk-i + [x, Qk], the set of all ele- 
ments u E Qk, which satisfy the condition [x,u] E Sk-i + Wk-i coincides 
with Sk = {u E Qk \ [x,u] E Sfc-i}. This proves that the reduction Ek 
is well-defined and is stable with respect to exp(5fc)p(^"'"^\ 

If W is not S'*^''-' -invariant, we just reduce this group to p(^+i). How- 
ever, if W is 5'*^°-' -invariant, then the decomposition (13.21) is stable with 
respect to the subgroup H^'^~^\ and, hence, the condition fl3.3p de- 
fines the reduction of the principle if'^'^~^)-bundle Ek-i to the subgroup 
H^^\ □ 

Thus, we see that Ek is a moving P'^'^+^^-bundle. If, in addition, the 
subspace W is S'''°^-invariant, we treat Ek as a principle if^'^^-bundle. 
As l)'-'^^ = s''°^ for sufficiently large k and s = (x) + s^"-* we see that we 
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finally get the moving frame bundle E along 7 that satisfies conditions 
of Theorem [TJ 

3.4. The case of an invariant complementary subspace. Sup- 
pose now that the subspace W is in addition S'-^^-invariant. As it was 
shown above, at each step vr: E^jt — >■ 7 is a principle iJ*^^~^^-bundle. For 
sufficiently large k we get H'^'^~^^ = S^^'' and E = Ek is a principle S^^^- 
bundle equipped with a 1-form u\e- This implies that u(TpE) contains 
s^^^ for all p & E. Hence, from IV-normality condition we immediately 
get: 

s(°) C uj{TpE) cW®s for all p e E. 
Let us decompose u\e into the sum: 

where the 1-forms ujw and take values in W and s respectively. 
Lemma 4. The 1-form is a flat Cartan connection with model 

Proof. /^From the properties of the Maurer-Cartan u it follows that 
Us is S'*^0''-equivariant and takes the fundamental vector fields on E 
to the corresponding elements of the subalgebra 5^^\ By construction 
Us{TpE) + s'^o) = 5 for all p E E, and, hence cOs is an isomorphism of 
TpE and s for all p E E. Thus, is indeed a Cartan connection on E 
modelled by the homogeneous space S/ S^'^^ . 

As 7 is one-dimensional, this Cartan connection is necessarily flat. 

□ 

Consider now the 1-form uw It is clearly S'^^-'-equivariant. It is also 
vertical, as c^Ie takes all vertical vector fields to s. Finally, it is easy 
to see that 7 is locally equivalent to 70 (or, in other words, 7 is locally 
fiat), if and only if u takes values in s, or, in other words, when uw 
vanishes identically. Hence, uw constitutes the fundamental system of 
invariants of 7. 

Remark 4. Note that there are many more local differential invariants 
of 7. For example, we can construct new invariants by taking total 
derivatives of uw with respect to the Cartan connection uj^. 

4. Examples 

4.1. Curves in projective spaces. As a very first example, consider 
a non-degenerate curve 7 C MP'^. Non-degeneracy means that 7 does 
not lie in any proper linear subspace of MP'^. Taking the osculating flag 
of 7, we can also consider 7 as a curve in the complete flag manifold 
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-f'i,...,fc-i(^)- We consider this flag manifold as a parabolic homogeneous 
space G/P, where G = SL{k + and P is a Borel subgroup of 
G consisting of all non-degenerate upper-triangular matrices. As a 
homogeneous curve 70 we take the closure of the trajectory of exp(ta;), 
where 
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It is easy to see that 70 is exactly the osculating variety of the rational 
normal curve in MP'^. 

It is clear that 7 can be approximated by 7 in the flag variety up to 
the first order. The symmetry algebra s of 70 is isomorphic to s[(2,]R) 
embedded irreducibly into sl{k + l, M). As 5 is reductive, the restriction 
of the Killing form to s is non-degenerate, and we can choose W as the 
set of all y-invariant elements of the orthogonal complement to s with 
respect to the Killing form K{A,B) = tr(AP). Simple computation 
shows that W = {y'' \ i = 2, . . . ,k). 

In the simplest case of curves in the projective plane we recover 
this way the classical construction of Elie Cartan [8] of the projective 
parameter on plane curves considered up to projective transformations. 

4.2. Curves in Grassmann and flag varieties. Let 7 be a curve in 
Grassmann variety GTr{V). In general, the tangent line Ttj for any t G 
7 can be identified with a one- dimensional subspace in Hom(7(t), V/'~f{t)) 
Take any element (pt in this line and denote by 7' the subspace 7(t) + 
lm(j)t. We define k-th derivative 7*-'^'' in a similar manner. Thus, for 
each t G 7 we get a flag: 

C 7(t) C 7'(t) C ■ ■ • C V, 

which is called the osculating flag of 7. Assume that dim'j^^^t) = Vi 
for all t G 7. Then the local geometry of 7 is equivalent to the local 
geometry of the corresponding curve of osculating flags. It is easy to 
see that this curve is an integral curve in the flag variety Pro,ri,...,rfc(^), 
the parabolic homogeneous space of the group G = SL(y). 
More generally, if 

c Viit) c V2it) c ■■■ c Vkit) C V 

is any curve in the flag variety Fr^^,,,^rk) = dimVi{t), then it is an 
integral curve if and only if it satisfies V/{t) C Vi+i{t) for all i = 
l,...,k-l. 



12 



BORIS DOUBROV AND IGOR ZELENKO 



Consider now the simplest example when the symmetry algebra s of 
the flat curve is not reductive in g. Let 7 be a curve in Grassmann vari- 
ety Gr2(M^). We assume that 7 satisfies two additional non-degeneracy 
conditions: 

dim7'(a;) = 4, dim7"(x) = 5 for all a; G 7. 

These conditions mean that 7 can be lifted to the curve (we also denote 
it by 7) in the flag variety F2,4(M^), that can be approximated by the 
fiat curve 70 corresponding to the following element x G s[(5,]R): 

/O 0\ 



x= 10 

10 

\o 1 oy 

Direct computation shows that the subalgebra s has the form: 
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Here the first summand is an sl2(M)-subalgebra containing an element 
X, the second summand is its centralizer and the third summand is the 
nilradical of 5. Note that this is a particular case of Theorem 8.1 and 
Remark 8.2 of [Tl| and it is based on the theory of 3(2 representations. 

Let us show that there is no s'-^^-invariant subspace C p comple- 
mentary to 3*^°^ + [x, p]. Indeed, it is clear that such subspace W should 
satisfy W2 = 02 and dimW^i = 2. Decomposing Qi into the direct sum 
of eigenspaces with respect to the action of the 2-dimensional diagonal- 
izable subalgebra in Sq, we see that Wi would necessarily be spanned 
by the following two elements: 

/OOOOOX /OOaiOO 

/00100\ /000 a2 

Wi = 00000 , ^2 = 000 

loOOOO/ \OOOOa3 

Vo 0/ Vo . 

However, the action of Sq on these 2 elements generates at least 3- 
dimensional space in degree 1. 

Thus, in general, we can not equip a non-degenerate curve in Gr2(M^) 
with a natural Cartan connection as it was done for non-degenerate 
curves in projective spaces. However, by choosing a non-invariant com- 
plementary subspace W we still can build a natural frame bundle along 
7 satisfying the conditions of Theorem [H 
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4.3. Curves of isotropic and coisotropic subspaces. Let be a 

vector space equipped with a non-degenerate symmetric or antisym- 
metric form b. Denote by sl{V, b) the subalgebra in sl{V) preserving b. 
It is either spiV) or 5o(y), but we prefer to use the unifying notation. 

We shall denote by GiriV, b) the variety of all r-dimensional isotropic 
subspaces in V. More generally, denote by Frj^^r2,...,r,,(y,b) the vari- 
ety of flags of isotropic subspaces Vi C V2 C ■ ■ ■ C of dimensions 
ri,r2, . . . ,rfc. 

We shall consider curves 7 in Frj^^r2,...,rk{^yb) satisfying the following 
additional conditions: 

(4.1) V: cV,+i,t = l,...,k-l; 

(4.2) C 14-^1, if Vk is Lagrangian; 

(4.3) V^. C Vj^, if Vk is not Lagrangian. 

Here by Vi we mean the curve in Gr,.^(\/) deflned by 7, and by V/ its 
derivative deflned above. 

In fact, these are exactly the types of curves that can be approxi- 
mated up to flrst order by a flat curves 70 corresponding to elements x 
of degree —1 of s[(V, b) equipped with an appropriate grading. 

It is easy to check that s is reductive if = is and = ks = dim V/2 
for an appropriate s. In particular, we can flnd an 5* -invariant sub- 
space W in all these cases and equip the curve 7 with a Cartan con- 
nection (and a projective parameter) in a natural way. 

In 111] we provide the complete classiflcation of all possible curve 
types and compute their symmetry algebras for all parabolic geometries 
of classical simple Lie algebras. 

4.4. G2 examples. Let G be a split real Lie group of type G2 and g be 
the corresponding Lie algebra. Up to conjugation there are three differ- 
ent connected parabohc subgroups of G, which can be easily described 
using the realization of G as an automorphism group of split octonions. 
Let be the algebra of split octonions as deflned in [171 §19-3], and 
let V be the 7-dimensional subspace of all imaginary octonions in 0. 
We identify the Lie group G of type G2 with the automorphism group 
of 0. 

We denote by A the root system of type G2, which has the following 
Dynkin diagram: 




and the set of all positive roots: 

ai, a2, ai + 0:2, cti + 2a2, cti + Sa2, 2ai + 3a2- 
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We denote the basis of q by {Hi, H2, Xa : a G A}, where {Hi,H2} is 
the basis of the Cartan subalgebra of q dual to the basis {01,02} of 
the root system A and Xa is any non-zero element in for a G A. 
We shall not need the exact values of the structure constants of g in 
this basis. 

The space V of imaginary octonions in is 7- dimensional, is pre- 
served by G and is a minimal non-trivial representation of G. We say 
that a subspace W is an null subalgebra in V, if the product of any two 
elements in W is equal to 0. It is easy to see that all one-dimensional 
null subalgebras are exactly the subalgebras of the form (c), where c 
is an isotropic vector in V with respect to the pseudo-scalar product 
preserved by G. It is known that G acts transitively on the set of all 
such vectors. 

Fix an isotropic vector c ^ V and consider its annihilator A{c) = 
{x & V \ xc = 0}. It is known to be a 3-dimensional subalgebra of 
0, which lies in V and is no longer null. In fact, we can always find 
an element E G such that gc-c = C3, so that gc.A{c) will become 
the subalgebra with the basis (cs, C7, Cg) and the multiplication cyCg = 
— CgCi = C3, C3 = C7 = Cg = 0. (Here we use the notation {ci, . . . , Cg} 
for the basis in as given in [17].) Thus, we see that there are no 
3-dimensional null subalgebras in V, and any isotropic element c is 
contained in a one-parameter family of 2-dimensional null subalgebras 
of the form g~^.{c3, A7C7 -|- AgCg), [Ai : A2] G MP^. 

It is easy to see that G acts transitively on the set of all flags Vi C 
V2, where Vi and V2 are both null subalgebras of dimension 1 and 2 
respectively. Fix any of such flags. Than its stabilizer under the action 
of G is exactly the Borel subgroup of G, while the stabilizers of Vi and 
V2 are two different parabolic subgroups Pi and P2 of G. 

Both homogeneous spaces Mj = G/Pi, i = 1,2 are 5-dimensional, 
while G/B is 6-dimensional. Let us describe the distribution D and 
the notion of integral curves of constant type in each of these cases. 

Let us start with the homogeneous space G/B. First, note that any 
flag of null subalgebras Vi C V2 is naturally extended to the complete 
flag in V: 

C 1^1 C 1^2 C 1^3 = ^(^1) CVi = CV5 = V^^ CVe = V^^ C V. 

As g_i = X-aj), we see that dimD = 2, and D = kerdni © 

keTd'n'2, where VTj: G/B — )■ G/Pi, i = 1,2 are natural projections. This 
implies that a curve 7 of flags of null subalgebras: 



(4.4) 



C Vi{t) C V2{t) C V 
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is an integrable curve of D if and only if it satisfies the following con- 
ditions: 

(4.5) VI C V2, C A{Vi). 

It is easy to see that the action of G on PD has exactly 3 orbits: two 
are the kernels of d^i, i = 1,2 and one open orbit is complementary 
to the first two. So, all integral curves of constant type consist of the 
following: 

(1) fibers of the projection vti : G/B — t- G/Pi, or, in other words, 
curves (14. 4p with constant Vi(t); 

(2) fibers of the projection H2: G/B — )• G/P2, or, in other words, 
curves (14. 4p with constant V2(t); 

(3) non- degenerate curves (14. 4p . satisfying V{ = V2 and = AiVi). 

Elementary calculations show that a non-degenerate curve additionally 
satisfies: ¥{" = = V^^, 1//^^ = V^^, v}^^ = V^^ and V^'^'^ = V. 
Thus, the complete osculating flag of the curve Vi(t), considered as a 
projective curve in PV, is completely determined by Vi and V2(t) = V( 
via algebraic operations only. 

Let us now describe how the developed theory applies to the non- 
degenerate integral curves in G/B. In this case we can take x = X_q,^ -|- 
X_a2- Simple computation shows that 

• the subalgebra s is isomorphic to s[(2, R) with the basis x, h = 
Hi + H2 and y = Xa^ + ; 

• the space (s + [x, p]) fl p coincides with Ylt=i 

• the subspace W = is s*^°^ -invariant and is complementary to 
s+ [x,p]. 

Hence, applying Theorem [T] in this case, we see that we can canon- 
ically associate a projective connection and a W-valued fundamental 
invariant to each non-degenerate integral curve 7 on G/B. The pro- 
jective connection defines a canonical projective parametrization r on 
the curve 7, while fundamental invariant can be written as /(r)((ir)^ 
and completely determines the equivalence class of 7. 

Next, consider curves 7 in the homogeneous space G/Pi of all 1- 
dimensional null subalgebras in V. We shall write 7 = Vi(t). The 
distribution D is 2-dimensional in this case and can be written as Dv^ = 
A{Vi)/Vi for each point Vi e G/Pi. Thus, we see that a curve Vi(t) is 
integrable if and only if it satisfies V( C AiVi). We assume that Vi{t) 
does not degenerate to a point. Then ¥2(1) = V((t) is a 2-dimensional 
subspace in A(yi(t)) for each t G 7. As it also contains Vi(t), we see 
that V2{t) is necessarily an null subalgebra. Simple computations show 
that V2 C AiVi), and, hence, the curve 7 C G/Pi is naturally lifted to 
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G/ B. If, moreover, V2 = A{Vi), then the Hfted curve is non-degenerate, 
and we can apply the above constructions to equip 7 with a canonical 
projective invariant and a single fundamental invariant. 

Finally, consider curves 7 in the homogeneous space G/P2 of all 2- 
dimensional null subalgebras in V. In this case Qq = 0t(2,M), and the 
00-niodule 0_i is equivalent to S'^(R^). In particular, dimD = 4, and 
for each V2 G G/P2 the space can be identified with a 4-dimensional 
subspace in Hom(V2, V^/V2). A curve ¥2(1) in G/P2 is integral if and 
only if C V^^. 

The action of G on PD has 4 different orbits corresponding to the 
orbits of GL(2,M) action on S^(M.'^), that is on the space of cubic 
polynomials: 

(1) polynomials with triple root; 

(2) polynomials with one simple and one double root; 

(3) polynomials with one real and 2 complex roots; 

(4) polynomials with 3 different real roots. 

We shall call integral curves, whose tangent lines belong to the first 
orbit special curves. Let us describe them in more detail. Namely, 
for each null subalgebra V2 <Z V we define the embedding of PV2 into 
PDv2 as foUows: 

PV2 ^ PDv2, V2^Vi^ (^M)* <8 A{Vi)/V2. 

This embedding defines a field of rational normal curves in PD. This 
cone is exactly the orbit (1) of the action of G on PD. In particular, we 
see that a curve 7 = V2(t) is special, if and only if V2 is 3-dimensional. 
In this case it is equal to A{Vi{t)), where Vi C V2{t) is defined uniquely 
by the condition V{ C V2. Thus, as incase of curve in G/Pi, any special 
curve in G/P2 is naturally lifted to the curve in G/B. If, in addition, 
we suppose that V( = V2, then this lift is a non-dcgcncratc curve, and 
we can naturally equip 7 with canonical projective parameter and a 
single fundamental differential invariant. 

Consider now the case, when 7 C G/P2 is an integral curve of con- 
stant type, and its tangent lines belong to the orbit (2) above. Then 
we can no longer lift this curve to an integral curve on G/B and have 
to deal with it on the homogeneous space G/P2 itself. We can take the 
corresponding element x e 0_i as X^ai-a2- Direct computation shows 
that: 

• the subalgebra s is isomorphic to 5[(2,R) -|-st(2,M) with the 
basis X, Hi,H2, Xq-j+qj and X^j+saj; 

• the space (5 -|- [a;, p]) n p has codimension 2 in p and is concen- 
trated in degrees and 1; 
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• the subspace W = {X a j^, X 201+302) is s*-°-'-invariant and is com- 
plementary to s + [x, p]. 

Thus, we see that in this case we get a natural projective connection and 
a M/^-valued fundamental invariant on 7. Note that the s'-'^^-invariant 
subspace W exists in this case, even though the subalgebra s is not 
reductive in q. 

Assume now that 7 C G/P2 is is an integral curve of constant type, 
and its tangent lines belong to the orbit (3) above. We can take the cor- 
responding element x G g_i as X_ai + -^-01-302 ■ Direct computation 
shows that: 

• the subalgebra s is isomorphic to s[(2,M); 

• the space (s + [x,p]) Hp has codimension 3 in p and is concen- 
trated in degrees and 1; 

• the subspace W = (X2ai+3a2, -^ai+a2) -^«i+2a2) IS s'-^^-iuvariaut 
and is complementary to s + [x, p]. 

Thus, we see that we can again associate a natural projective connec- 
tion on 7 and 3 scalar fundamental invariants on top of it. 

The case of the orbit of type (4) can be considered in the same way 
and leads to the same results, as in case of orbit (3). 

5. Generalizations and discussion 

5.1. Parametrized curves. The paper is easily generalized to the 
case of parametrized curves. In this case one needs to change the 
definition of the subalgebra s as follows: 

s_j = 0, z > 0; 
5-1 = {x); 
5o = {m e go I [x,u] = 0}; 

Si+i = {ue Qi+i I [X,U] CSi}. 

We also have to consider tangent spaces to a parametrized curve 7 as el- 
ements of g/f) instead of one-dimensional subspaces. As a result, we get 
a result similar to Theorem [1], which is applicable to all parametrized 
curves 7 such that their images (treated as unparametrized curves) can 
be approximated by 70 up to the first order. 

5.2. Curves in general parabolic geometries. By a parabolic ge- 
ometry modelled by G/P we understand the principle P-bundle tt: Q ^ 
M equipped with a 1-form u: TQ — )• q such that: 

(1) cjp is an isomorphism of vector spaces for any p E Q] 
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(2) uj{X*) = X for any fundamental vector field X* on Q corre- 
sponding to an element X G p; 

(3) R*gUj = Adg^^u for any right shift Rg defined by the action of 
an element g & P. 

The classical examples of parabolic geometries include the projective 
and conformal structures on smooth manifolds. The tangent space 
TM is naturally identified with Q Xp (g/p) and, as in the case of a 
homogeneous space G/P, carries a natural distribution D C TM cor- 
responding to the the subspace (0_i + p)/p. In particular, we can also 
introduce the notion of an integral curve 7 in M. Using again the 
identification TM = ^ Xp (g/p) we can define the notion of a curve of 
constant type x for any x G 

The notion of a moving frame along 7 can be naturally generalized 
to any parabolic geometry as an arbitrary subbundle of a P-bundle 
7r^^(7) ^ 7. 

Theorem [1] is also immediately generalized as follows: 

Theorem 2. Let {M,Q,u) be a Cartan geometry modelled by a para- 
bolic homogeneous space G/H and let x be an arbitrary non-zero el- 
ement in Fix any graded subspace W G p complementary to 

5(°) + [x,p]. 

Then for any integral curve 'y in M of type x there is a canonical 
frame bundle E d Q along '-j such that for each point p G E the subspace 
u{TpE) is W -normal. 

If, moreover, W is S^'^^ -invariant, then E is a principal S^'^^ -bundle 
and uj\e decomposes as a sum of the W -valued 1-form ujw and the s- 
valued 1-form Ug, where is a flat Cartan connection on 7 defining 
a canonical projective parametrization of 'j, and cow is a vertical 5"'-°^- 
equivariant 1-form. 

5.3. Submanifolds of higher dimension in parabolic homoge- 
neous spaces. We briefly outline how the results of this paper are 
generalized to the submanifolds of arbitrary dimension in parabolic 
homogeneous spaces (but not in curved parabolic geometries). 

For this purpose the element x G 0_i needs to be replaced by an 
arbitrary commutative subalgebra p C We say that a submanifold 
X G G/P has constant type p, if for any point p G X there exists an 
element g E G, such that g.o = p and g*{f) = TpX. In other words, X 
is of type p, if all tangent spaces TpX, p E X belong to the orbit of the 
subspace j: G ToM under the natural action of G on Gr,. (TM), where 
r = dim p. 
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As in case of unparametrized curves, we can define a graded subal- 
gebra s C g by 

s-i = p; 

Si = {u e Qi \ [u, p] C Sj-i} for all i > 0. 

Then according to [TO] s is exactly the symmetry algebra of the orbit 
of the commutative subgroup exp(j;) C G through the origin o = eP. 
We call this orbit the flat submanifold of type j:. 

Denote by C^{3^i, g/s) the standard cochain complex corresponding 
to the s-module g/s. The grading of g naturally extends to the gradinds 
of all spaces C'^(s_i, g/s), as well as their cochain and coboundary 
subspaces Z^(s_i,g/s) and i?'^(s_i, g/s). Denote by Z^(s_i,g/s) and 
S^(s_i,g/s) their subspaces spanned by elements of positive degree. 

Let W be an arbitrary graded subspace in Z^(s_i, g/s) complemen- 
tary to i?^(s_i, g/s). Generalizing the above notion of ly-normality, 
we say that a subspace f/ C g is VT-normal (with respect to s), if 

(1) gr[/ = s; 

(2) there is a map x- 5_i — )■ g such that the corresponding quotient 
map X- 5-1 — > g/s lies in W and x + x(x) G U for all x G s_i. 

As in the case dims_i = 1, it is easy to check that the element x ^ 
is uniquely defined for any l^-normal subspace G g. 

Then we can prove that for any submanifold X of type j: = s_i 
there is a unique moving frame E G G along X such that uj{Ep) is a 
VT-normal subspace for any point p G X. In particular, we see that if 
if:}:(s_i, g/s) = 0, then any submanifold of type s_i is locally equivalent 
to the flat one. 
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